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Section 1.6
'jgfw,: Transformation of Functions

Graphs of Common Functions
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Constant Function Identity Function
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Domain: (oo, 00)
Range: the single number ¢

Constant on (—00, 00)

Even function

Domain: (~o0, 00)
Range: (—00, 00)

Increasing on (—oo, 00)

Odd function
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Standard Quadratic Function

Absolute Value Function
¥y
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Domain: (~o00, 00)

Range: [0, 00)

Decreasing on (—oo, 0) and

increasing on (0, 0o)
Even function

Domain: (—oo, 0o)

Range: |0, 00)

Decreasing on (—o0, 0) and

increasing on (0, o0)

Even lunction
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Square Root Function

¢ Domain: [0, 0o)
* Range: [0, 00)

* Increasing on (0, ~0)

* Neither even nor odd

Cube Root Function
y

e 3

¥
y1 fix) = Vx
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-2 - 1 2

fix) = Vx
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* Domain: (—o0, o0)

* Range: (—o0,00)

* Odd lunction

* Incrcasing on (—00, 00)

Standard Cubic Function
y
l-

fix) =2}
l-.
} ' ' + X

2 ] 1 2
~14
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Domain: (o0, 00)
Range: (—00, 00)

Increasing on (—o00, 00)

Odd function

Reciprocal Function

Domain: (ooO) u(O,oo)
Range: (-¢,0)w(0,0)

Decreasing on (-w,0)and (0. )
Odd function



120919 1.6 Transformations of Functions.notebook September 20, 2012

Vertical Shifts

Vertical Shifts

Let f be a function and ¢ be a positive real number.

o The graph of y = f(x)+c is the graph of y = f(x) shifted ¢ units
vertically upward.

o The graph of y = f(x)—c is the graph of y = f(x) shifted ¢ units
vertically downward.

‘1- “-
yv=flx)+c

//\/ y=flx)

X




120919 1.6 Transformations of Functions.notebook

Vertical Shifts

1

glx) = x4+ 2
flx) = 2

hix)=x*-3

Use the graph of f(x) = |x| to obtain the graph of g(x) = |x| — 4.

September 20, 2012

Solution The graph of g(x) = |x| — 4 has the same shape as the graph of

flx) = |1| However, it is shifted down vertically 4 units.

Bagie with the graph of
flx) = |x|. We've ldetified The graph of
thres puints oe the graph, glx) = x| = 4
¥ Graph g[x) = x| - 4. v
Shift /' 4 units dawn.
(4. 41 3 (4.4 Subtract 4 from each
4 y-eonrdinate,
AR\ [y
\-[—-I ]
..... ; ¥ . .
S-4-3-2-1, N1 2343 :

1
3
L [0, )
. ]
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Example

Use the graph of f(x)=|x| to{gbtain g(x)=|x|-2

oS s ) R g

_______________________________________________________________

Horizontal Shifts




Horizontal Shifts
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September 20, 2012

Let f be a function and ¢ a positive real number.
e The graph of y = f(x+¢) is the graph of y = f(x) shifted

to the left ¢ units.

e The graph of y = f(x—c) is the graph of y = f(x) shifted

to the right ¢ units.

v=flx+c)

y=flx]

I

y = flx) v=flx-d
Horizontal Shifts
X Jix) = &* x gix) = (x = 3)?
-2 (-2 =4 1 (1-37=(-2)0=4
-1 (-1)*=1 2 3P = (=1 =1
0 0'=0 3 V= =0
I 2 =1 4 (4-37= 1=1
B 22 = 4 : (5-3V= 2°=4

hix) = [x +2)?

glx)
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Example

? to obtain g(x)=(x+1)Use the graph of f(x)=x?

................................................................

e i At ittt et Bttt el Sttt el el

................................................................

...............................................................

Combining Horizontal and Vertical Shifts

Use the graph of f(x) = x* to obtain the graph of A(x) = (x + 1)° - 3.

g Solution
T graph of fifx] = x
with fheen paints ideatifind Tha geaph of gfx) = [x + 1) Tha graph of fi[x] = [x + 1) - 3

Sragph lx) = |x + 1]L v Graph ix] = 0] 3,

" v
Ehift | ariznatally 1 Shift 2 vertically dowe
- wnlt left. Sebtmct 1 (_3 4y (1.4 3 waite. Subruct 3 fram 4
(=24 i (2.4 fram each v-eaardisate. | eneh voppardingte, 4
L 3 - 3 3
b 3 3
=\ - - ) -
: . ] . 3.1 17 Jin .
34-3-2- N[ 2345 ~1I.'-I:‘,Ifl’:'| 12344 F-l‘-lllj!!.?-I*
2 - 2 glxl = [x +4)* 2
3 3 3?5 hix) = e 1= 3

1, =
[} Y _g
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Use the graph of f(x)=x? to graph g(x)=(x+2)*-3

Example

[ T PR (R TR —

________________________________

Example Use the graph of f(x)=x* to graph g(x)=(x-3)*+2

---------------------------------------------------------

............................................................

ke et Il il sty (el Bl St sl Sl

................................................................

................................................................

...............................................................
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Example

_______

.......................

-------

_______

_______

............................

A

------------------------

________________________

Reflections of Graphs

10
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Refection about the x-Axis
The graph of y =—f'(x) is the graph of y = f(x) reflected

about the x-axis.

Reflections about the x-axis

glx) = =Vx = —f(x).
Tha graph of [lx) = V3 =
with three paiets ideatified Tha graph of g[x) =-Vx
-
Graph gix) WV E.
¥ Reflect [ about the ¥
x-ugis. Reploce sach )
- = v-eonrdieate with it 4
T fixl = Vx wpputite. 41
3 (8.2) (-8,2) 3
7 . 14
N /___,—4' L4 0, 0)
: HHIHEHHEHE P A I A
] fi | 2 1 3456 7% - H=5—4=3-2 '.-| 23 4 [+ 8
(-8, ~2) [0, 0) " .
4 -4 glel ==V7x
54

11
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Reflection about the y-Axis
The graph of y = f(—x) is the graph of y = f (x) reflected
about y - axis.

h(x) = V—=x = f(—x).

The graph of

The geaph of f[x) = v
hix] = V=x

with three points identified
Braph fi{x] = V=x.
¥ Refloct [ about the ¥
v-axis. Replace each
x-epardisate with
its sppaaite.

“Tiom

Example  |Jse the graph of f X)=X3 to graph Q(X)=('X)3

(X

September 20, 2012
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Example | yse the graph of f(x)=vx to graph g(X)Z-\/?:

Vertical Stretching and Shrinking

13



120919 1.6 Transformations of Functions.notebook

Vertically Stretching and Shrinking Graphs
Let f be a function and ¢ a positive real number.

stretched by multiplying each of its y-coordinates by c.

shrunk by multiplying each of its y-coordinates by c.
Stretching : ¢ > | Shrinking : 0 < c < |
y y

y=cflxl .
y=/[ix

0 (]
v = fix] y=¢flx)

Vertically Shrinking
Solution The graph of h(x)

flx) = 2.
The graph of f(x) = »* The graph of
with three points identified hix) = 32
Graph /i[x) = %.!i.
4 Vertically shrink the
graph of /. Maltiply
each y-coardinate by 5.

flx) = (0.0)

AN ,;

September 20, 2012

* If ¢ > 1, the graph of y = ¢f(x) is the graph of y = f(x) vertically

* If 0 < ¢ < 1, the graph of y = ¢f(x) is the graph of y = f(x) vertically

%.t" is obtained by vertically shrinking the graph of

14
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Vertically Stretching

This is vertical stretching — each y coordinate is multiplied by 3 to
stretch the graph.

- <3

Example

B T e T e e e

_______________________________________________________________
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Horizontal Stretching and Shrinking

Horizontally Stretching and Shrinking Graphs
Let f be a function and ¢ a positive real number.
¢ If ¢ > 1, the graph of y = f(cx) is the graph of y = f(x) horizontally
shrunk by dividing each of its x-coordinates by c.

¢ [f0 < ¢ < 1, the graph of y = f(cx) is the graph of y = f(x) horizontally
stretched by dividing each of its Sf&vordinates by c.

Shrinking : ¢ | Stretching : O<c <1
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Horizontal Shrinking

The graph of y = f(x] The graph of
with five peints identified glx) = fl2x)
Graph 2(x] = f(2x).
¥ Horizontally shrisk y
A the qraph of v = [{x]. )
(-2, 4)37 Divide each v-coordinate (~1.4) 31
44 by 2. glx) = flzx)
34+ y=[lx)
(0,0) (4.0) . (-2.0) S (2.0)
(2,-2)
4
5

Horizontal Stretching

b. The graph of i(x) = f(%r} is obtained by horizontally stretching the graph of

y = Jx).

The graph of v = f(x] .
with five peints ideatified Graph lt(x) = f(5 x). The graph of Ji[x] = ,l'l{-_d
Herizentally sireleh
the graph of v = [[x].
Divide each v-coordinate
{_2.4]5' ‘1-‘5. “I-Cl is the sama ‘__1._1-'
4 as maltiplying by 2.

) Vv

ol ek A LA
t

3+ y=[flx 4
(=40 {0,0)  (4,0) / (8.0
X X
-S54-3-2-1, 45 R-T-6-5-4-3-2-1, ) [
5 9
< T (4,-2)
3l (2,-2) 1 e i
: - Ix} = flzx]
-4 44 I

-5 -5
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WS

Example Use the graph of f(x)=|x| to obtain the \ - )

1
graph of g(X)=|- x| )
3 2
' ' : A : : v <
____________________________ doi S =5

e N e R R S —— S G B S A

______________________________________________________

e el Tl ikl ity Sl Sl il aleliel il Sl

B e R e i R e e R
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_______________________________________________________________

Sequences of Transformations

18
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A function involving more than one
transformation can be graphed by
performing transformations in the

following order:

e Horizontal shifting
e Stretching or shrinking
» Reflecting

Vertical shifting

Summary of Transformations

Divaw the Graph of f and: Changes in the Equation of ¥ = fix)
Raise the graph of £ by ¢ units. ¢ is added 1o fi{x).
Lower the graph of £ by c units ¢ 15 subtracted from f(x)
Shift the graph of [ 1o the left ¢ units x is replaced with x + «
c) Shift the graph of [ o the right ¢ units. x 15 replaced with x

Reflection about the v-axis Refleet the graph of § about F(x) is multiplicd by ~1.

¥ LY the x-axis

Relection about the y-axis Reflect the graph of | about x is replaced with —x,

v = f{—x) the y-axis

Vertical siretching or shrinking

¥ { q 1 Multiply cach y-coordinatc F{x) is multiplicd by ¢.¢ > 1

af ¥ ) by ¢, vertically
o f.
ch v-coordinate F{x) is multiplied by ¢, 0 = ¢ <

y = x). 0 1
of ¥ ) by ¢, vertically
shrinking the graph of f
H tal stretching or k
= ) 1 Divide each x-coordinale x is replaced with cx., ¢ 1
fy x) horizontally
hrinking i of f
¥ flex) 0 < ¢ =<1 Divide cach x-coordinale xis replaced with ex, 0 < ¢ < |

of ¥y = fx) by ¢, horzontally
streiching the graph of f.
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Example

A Sequence of Transformations

v

Starting graph.

Move the graph
to the left 3 units

Stretch the graph
vertically by 2.

Shift down 1 unit.

The graph of glx) = 2[x + 3)* -1

Given the graph of f(x) below, graph % f(x-1).

______________

______________

20
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Example

Given the graph of f(x) below, graph - f(x+2)—1.

Example

Given the graph of {(X) below, graph 2/ (—x)—1.

A

o

i

1

o

‘1?

21
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The graph of g(x) will appear in which quadrant?

Quadaint |
Quad%n I

Quadgant 111
Quadrant IV

S

.......

' ' ' ' ' ! ! ' ]
----- B e B Bl e atiail mieletiell el Rl Teliail

Write the equation of the given graph g(x).
The original function was f(x) =x

glx)afr+4) -3
g(x) 4(2% 43
g(x) T(ga}"i—él)z +3
B g(x)=(x—4)"+3
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Write the equation of the given graph g(x).
The original function was f(x) =|x|

g(x)ﬂé??;x—ﬂ
g(x):(ﬁ—x—ﬂr\
g(x) {d)x| +4
®» g(x)=—|x|—4
206
s
(- 32 2K
52— ¢ <KX

P ome omore Uloclt
Summary 127>

23
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Lo é’(X):XQ 1o W
3[X):‘2/X+/>1—5

24
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