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Section 2.5
Zeros of Polynomial Functions

Question: What do the following theorems mean:

« Remainder Theorem

e Factor Theorem

* |Intermediate Value Theorem

» Descartes Rule of Signs

» Rational Zeros Theorem

e Linear Factorization Theorem

» The Fundamental Theorem of Algebra

Extra Credit: Make Flashcards for these...
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The Rational Zero Theorem

Solve s 27 Sn X220

The Rational Zero Theorem

- o r
If f(x) = @ax" + @, x" ' + -+ a,x + ag has integer coefficients and —
q
2. ‘. : ) -
(where ; is reduced to lowest Llerms) is a rational zero of f, then pis a

factor of the constant term, a,, and g 1s a factor of the leading coefficient, a,,.

Factors of the constant term

Possible rational zeros = — - —
Factors of the leading coefficient
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Be sure you are familiar with the vanous kinds of zeros of polynomial functions. Here's a
quick example:

f(x) = (x +3)(2x — D{x + V2)(x — V2)(x — 4 + 5i)(x — 4 — 5i).

13

1 / —
Zeros: 3, " A% V2, 4 — 55, 4 + 5i

Rutisnal zeres Irratiamal zeros Complex imaginary zeren

Real zer0s Monreal zeres
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_ Example —

List all possible rational zeros of f(x)g;(3-3x2-4x+12
Find one of the zeros of the function using synthetic division, then
factor the remaining polynomial. What are all of the zeros of the
function? How can the graph below help you find the zeros?
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. 2
Solve: 2x3-5x%+x+2

| want to see work...

All the possible roots
Checking the possible roots
Box your answers

Example

List all possible rational zeros of f(x)=6x-19x%*+2x+3

Starting with the integers, find one zero of the function using
synthetic division, then factor the remaining polynomial. What are all
of the zeros of the function?
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ama)  \ .

g
List & ...« rational roots of x*-x*+7x%- 9x-18=0
Starting with the integers, find two roots of the equation using
synthetic division. Factor the remaining polynomial. What are all of

the roots of the equation? The graph below will NOT help you find
the imaginary roots. Why?
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Hint: This graph
below will help
you easily find

those roots.
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Properties of Polynomial Equations

1. If a polynomial equation is of degree n, then counting multiple roots
separately, the equation has n roots.

2. If a + bi is a root of a polynomial equation with real coefficients (b # 0),
then the complex imaginary number @ — bi is also a root. Complex imagi-
nary roots, if they exist, occur in conjugate pairs.

WW 2-4 244

Notice that the roots for our most recent problem

(x*x’+7x-9x—18 = 0; degree 4) were +3i,2.-1

The Fundamental Theorem of
Algebra
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The Fundamental Theorem of Algebra
If f(x) is a polynomial of degree n, where n = 1, then the equation f{x) = 0
has at least one complex root,

Remember that having roots of 3. -2, etc. are
complex roots because 3 can be written 3+01

and -2 can be wrntten as -2-+01.

The Linear Factorization
Theorem
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The Linear Factorizati

If f(x) = "+ @, x" '+ + ayx + ag, wheren = 1 and a, # 0, then
f(x) =a,(x — el (x — ) (x — cp),
where ¢, ¢3,-.., ¢, are complex numbers (possibly real and not necessarily

distinct). In words: An nth-degree polynomial can be expressed as the product
of a nonzero constant and n linear factors.

S6)= Klx - ) (x-c) %) (w-c )

n='t

Find a fourth-degree polynomial function f(x)

with real coefficients that has -1,2 and
zeros and such thg
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Find a fourth-degree polynomial function f(x) with real
coefficients that has -2,2 and i as zeros and such that f(3)=-150

Find a third-degree polynomial function f(x) with real
coefficients that has -3 and i as zeros and such that f(£=8 D%
;(X):/é&"(‘>6<*()n~(3> &9
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L“}(x): S T+ D 4 3xtq




121011 2.5 zeros of polynomail functions.notebook October 18, 2012

Descartes’s Rule of Signs

Descartes’s Rule of Signs
Let f(x) = a,x" + @, . x" "' + -+ + a,x* + a,x + a, be a polynomial with
real coefficients.
1. The number of positive real zeros of f is either
a. the same as the number of sign changes of f(x)

or
b. less than the number of sign changes of f{x) by a positive even integer. & 3 -
It f(x) has only on¢ variation in sign, theén f has exactly one positive real zero. P
2. The number of negative real zeros of f is either
a. the same as the number of sign changes of f(—x) iC)
or

b. less than the number of sign changes of f(—x) by a positive even integer. /
If f(—x) has only one variation in sign, then f has exactly one negative real zero.

Ihe rule is based on considering variations in sign between con-
. . . . F - 3
secutive coefficients For example, the function f(x) = 3x 20 - x4+ TP+ x -3
has three sign changes:
fx) =3x" — 2

v \1.‘/‘ Ta? \1/ 3.

tige change sign change sign change /

>

10
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Descartes’s Rule of Signs and Positive Real Zeros

Polynomial Function Sign Changes Conclusion
L 7 _ g8 . 3 There arc 3 positive
fx)=3x -2 - x+Tx + x - 3 real ZEros.

\/ \/ \/ or
Thereis3i =2 =]

tign charge tiga chinge sign change i
positive real zero.

(]

. 5 " . _ There are 2 positive
H'” =4y 4 20 e +x+35 rcal zeros,
\/ \/ or
spe are 2 — 3 o=
tige chasge sign change Th“lr‘ arc2-2=0
positive real zeros,
‘o -k e d ) There 15 1 positive
ﬂ-'” - W Hx+9 recal zero.

#ign ehange

The number of real zeros given by Descartes’™s Rule of Signs includes rational zeros from
a list of possible rational zeros, as well as irrational zeros not on the list, It does not include
any imaginary ze¢ros.

Descartes’s Rule of Signs
¢ the possible numbers of positive and negative

Dete

real zeros of fixd=x’ +2x? - 5x—6.

To find possibilities for positive real zeros, count the number
of'sign changes in the equation for f(x). There is one variation

There are two sign changes so there are either 2 negative

real zeros or none. There has to be 2 to give you a total of 3.
The zeros are 2, -1, -3.

October 18, 2012
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For f(x)=x3- 3x- x+3 how many positive and
negative zeros are there? What are the zeros
of the function?
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Example
For f(x)=x3- x2+4x- 4 how many
positive and negative zeros are
there? Use a graphing utility to find

List all possible rational zeros of the
-BxX-8.H =t

1
+ E . :(l_aal_. +4,+8
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Find a third-degree polynomial function
f(x) with real coefficients that have 1 and
as zeros and such that f(1)=0.i2

FPxY —x —4x+4
f(r{b v —x" +4x—8
f{*c):C 2x° +2x" —8x+8
f(x)(d%x2+4x4

What are the zeros of
+—the function f(x)=x>

-Bxn16722Find the first

zer@uﬁng a graphing

2, -2(cD)i utility.
—2,-2.2
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