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Section 2.6
Rational Functions

and
Their Graphs

Rational Functions
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Rational Functions are quotients of polynomial

functions. This means that rational functions can
p(x)
q(x)
polynomial functions and q(x) #0. The domain

be expressed as f(x)= where p and q are

of a rational function is the set of all real numbers

except the x-values that make the denominator zero.

Example v il
Find the domain of the rational function.
¥ —16

J(x)=
x—4 avgle)
7

B~ Y
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Example

Find the domain of the rational function.
f(x)=

_r >
X136 (x-&icrs )

@Z/%\(fé/x%“é

Vertical Asymptotes of
Rational Functions
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x approaches () from the lefi.
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Aix— 0, flx] =00,
Function values increane
without bound.

Vertical Asymp
the y-axis.

October 18, 2012

Ax—0", flx) —oc.
Function valuas incresse
without bound.

L] L] Ll L] L] Ll L] L) 1
-5-4-3=-2- 1 2345
At v = =0 (decreases As x =» ¢ |inereases
without bound), withaat hagad],
flx) —o. flx]—0.

Arrow Notation

)

@

Symbol Meaning
x—a x approaches a from the right.
Xx—a x approaches a from the left.
X— 00 x approaches infinity; that is, x increases without bound.
X—>—00 x approaches negative infinity; that is, x decreases without
bound.
- D
< \
/
2N
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Definition of a Vertical Asymptote

The line x = a is a vertical asymptote of the graph of a function f if f(x)
increases or decreases without bound as x approaches a.

¥y ¥

3

= -

Asx=a', fix) =00,

Locating

If f(x) =

a

ey ey -

-

Asx—=a , flx)=oc. As x = a', fix) = -00. Asx = a , flx)=»-oc.

Thus, as x approaches a from either the left or the right, f{x) = 20 or
f(x) = =0,

Vertical Asymptotes

X
P([ ; is a rational function in which p(x) and g(x) have no common

ql(x

factors and a is a zero of g(x), the denominator, then x = a is a vertical
asymptole of the graph of f.

Two Graphs with Vertical Asymptotes, one

¥

.ﬂ, [

L

4 :

14 [
X . i ¥
11 i 0.5
—t— X 4

S~ 3-2-17] 48 ”f—\
Thers iz o ! .
hele in the graph
Glﬂ\ﬂ'll‘il[ — b PR Y
Vartieal Vertical box = -3. -=T3-2 9,1 12345
uymplete: x = -3 iymplote: ¥ = 3 0.2
. Vartieal —.3 4
Figure 3'23{‘" asymphote: ¥ = 3 ~0).44
The graph of f{x) = hastwo 0.5+
-9 Figure 3.28(b)
vertical asymplotes 4+ 3
The graph of g{x) = - — has onc
-9
vertical asvmptote
Figure 3.28(c)
The graph of k{x) = . — has no
x+9

vertical asymplofes.
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Find the vertical
asymptote, if any, of the
. graph of the rational
36 function.

D

Example

J(x)=

Find the vertical asymptote, if any, of the
graph of the rational function.

Example

X

X +36

J(x)=
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Find the vertical asymptote, if any, of the

Example graph of the rational function.
xX+6
J(xX)=———
x°—-36
x -4

Consider the function f(x)= . Because the denominator is zero when

JC T
x=2, the function's domain is all real numbers except 2. However, there is
a reduced form of the equation in which 2 does not cause the denominator
to be zero.

L X’ 4 (x + 2} (x—2)
f(x) = agel e x 42, x#2
' X 2 AL
Devaminator iz In this redeced form, 2 does wot
rara sl x = 2. result ie 0 zere dasominator.

/

|‘.
fix) ’:; 1-/ A graph with a hole corresponding
/ Hola ::’:‘?;“"‘l to the denominator’s zero. Your
L3 i | calculator will not show the hole.

L}
2-1;1 12345
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Horizontal Asymptotes of
Rational Functions

Definition of a Horizontal Asymptote
The line y = bis a horizontal asymptote of the graph of a function [ if f(x)
approaches b as x increases or decreases without bound.

¥ "

¥ :
y=b \I \ ] -
" Locating Horizontal Asymptotes

Let f be the rational function given by

7 apx” + a, X"+ ax + a, '
flx)y = ————"——— - = a, # 0.b, # 0.
by x™ 4 by X" 4 -+ D + by

The degree of the numerator is n. The degree of the denominator is m.
1.1f n < m, the x-axis, o=, is the horizontal asymptote of the graph of f.

i,
2. 1f n = m, the line y = — is the horizontal asymptote of the graph of f.
- b :

3. If n = m, the graph of f has no horizontal asymplote.

R Sk ot Na
;&)‘A{”—f@?&()fol’}K*{é ><3

V)<VV)) 'ﬁ/iO

a

Jbe Q/@c%(ic(eh{é g:/b—

No 4/

October 18, 2012
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Two Graphs with Horizontal Asymptotes, one

Example

- !
Xl =
p=g Ix] T
_______ -F S -
v
N
Ny - 4
1 flx) = ~
S=4-3 | i 5 1 3 4 '
Figure 3.30(a@) The horizontal
asymptote of the graph = 1) .
e pp Figure 3.30(b) The horizontal
Notice how the horizontal asymplote of the graphas y = 2
asymptote intersects the graph. i ' ' Figure 3.30{c) The graph has no

honzontal asymplole.

Find the horizontal asymptote, if any, of the
graph of the rational function.

10
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Example

Find the horizontal asymptote, if any, of the

Jf(x)=

graph of the rational function.

ox

x +1

Using Transformations to

Graph Rational Functions

11
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Graphs of Common Rational Functions
fix) = Ii

-1
v=20

y=0
* Even function; fi—x) = f(x)

*  (Odd function: fi-x) ==f{x)
* yeaxis symmelry

* Origin symmeltry

Transformations of Rational Functions

Tha gragh of L i
yraph of gix) T

- i
Bagis with f[1) = Tlf Tha graph of ¥ T
Wa've ideatifiad ten shawing ton paints and shewing hin poiats and the
peiety ard the appmplates, the wrymplades anympletes
1
Braph g(x) prame N
Shift 1 wnit op. Add 1 r it
4 e pach v-coardinate, n | II =1
[ 1
-/] ‘I \ :
-1 1) - —
L § T 1
1 4 4
(/] y=0 v=0
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Example

Use the graph of f(x)= 1 to graph g(x)=

October 18, 2012

4

X—2

Example

Use the graph of f(x)= L? to graph g(x)=

2
X X —

13
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Graphing Rational Functions

Strategy for Graphing a Rational Function
The following strategy can be used to graph
p(x)
g(x)’

f(x) =

where p and g are polynomial functions with no common factors,
1. Determine whether the graph of f has symmetry.

f(=x) = f(x): y-axis symmetry

f(=x) = —f(x): origin symmetry

2. Find the y-intercept (if there is one) by evaluating f(0).

3. Find the x-intercepts (if there are any) by solving the equation p(x) = 0.

4. Find any vertical asymptote(s) by solving the equation g{x) = 0.

5. Find the horizontal asymptote (if there is one) using the rule for determining
the horizontal asymptote of a rational function.

6. Plot at least one point between and bevond each x-intercept and vertical
asymptote.

7. Use the information obtained previously to graph the function between and
beyond the vertical asvmptotes.

14
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h f(x)= % using the 7 step strategy from

2227 =
# ) — & T oA

15
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Example

Graph {(x)= PRy

2x°

2

Slant Asymptotes

using the 7 step strategy.

October 18, 2012

16
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The graph of a rational function has a slant asymptote
if the degree of the numerator is one more than the
degree of denominator. The equation of the slant
asymptote can be found by division. It is the equation

of the dividend with the term containing the remainder

dropped.

p(x) _ o remainder

— nx + b + ———,
gix) glx)
Slant asymptote:
y=mx+b
Example
2
: : x +6x+2
Find the slant asymptote of the function f(x)= ———.
X

17
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Example

Find the slant asymptote of the function f{x)= ———.
+2x+2

the rational function f(x)=

y = 4a)

C
x:6,(a§
v=4,-4

4x
-

x'_

16

X~

October 18, 2012

x =1

Find the vertical asymptote(s) for the graph of

2

18
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Find the horizontal asymptote(s) for the graph of

the rational function f(x)= ,,4 all

¥ -16
V=4a)
x=4(b)
»—6(0)
X =04y
v=4-4

7.3
Find the horizontal asymptote for f(x)= ;l v
x° -3

y=13a)
_ (b
r=6ic}

= 0df
none

19
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