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Objective and why: "un-add" rational expressions. We need this in calculus to
integrate certain functions... I'll show you one at the end of class

Topic: 7.3: Partial Fractions

Question: What is a partial fraction? What are the four cases of partial
fraction decompositions that we covered? DLIQ

Homework: page 745: 1-8 all, 9-41 odds woos, S
(Due Thursday)

Reminders: Due today: 7.2; Missing Work; TEST CORRECTIONS
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Decomposition

finding the partial fraction decomposition, "unadding”

The Idea Behind Partial Fraction
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Partial fraction Partial fraction

X+ .
TEOEE] x+14 3 . =2
expressed as the (x = 4)(x + 2) x4+ 4 X+ 2
sum of twe ' : —

simpler fractions.
This is the partial fraction
X+ M

decompesition of TR T

Each of the two fractions on the right is called a partial fraction.
The sum of these fractions is called the partial fraction
decomposition of the rational expression on the left-hand side.

92 — 9y + 6 Plx] = 9 = 9x -+ b; highest pover = 2
e e +2)(x = 2) Qix) = (2x = 1) {x + 2)[x = 2); maltiplying facters,
highant power = 3.

S =3 4+ Ix =3 Plx) = 827 = 3xF 4 7~ 3; bighest pover = 3

(o + 1) @) = (x® + 1)%; squaring the axpression,

highst power = 4,

The partial fraction decomposition of a rational expression depends on the
factors of the denominator. We consider four cases involving different kinds of
factors in the denominator:

1. The denominator is a product of distinct linear factors.
2, The denominator is a product of linear factors, some of which are repeated.
3. The denominator has prime quadratic factors, none of which is repeated.

4. The denominator has a repeated prime quadratic factor.
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The Partial Fraction
Decomposition of a
Rational
Expression with
Distinct Linear
Factors in the
Denominator

A Constant

x + b "
o Linear Tuttor

Each distinet lincar factor in the denominator produces a P;ll']i.il fraction of the
form constant over linear factor. For example,

9x® — 9x + 6 A B C
(2x = 1){x + 2)(x = 2) 2xr—=1  x+2 x=2

We write o constun) aver aueh linear Foastor
is tha denominaber,

Fa b
The Partial Fraction Decomposition of (=) Q(x) Has Distinct Linear
Factors Q(x)
The form of the partial fraction decomposition for a rational expression with
distinct lincar factors in the denominator is

—\ f.r_l.;l

N\
2X + h‘_\.lﬂtl - h\]

{a,x + by)

Ay
L -
a,x + b,

How do | set-up a partial fraction decomposition (pfd) for distinct linear denominators?

Each linear factor (in the denominator) produces one partial fraction with a
constant as the numerator...
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Steps in Partial Fraction Decomposition

March 13, 2013

1. Sct up the partial fraction decomposition with the unknown constants A, B,

C, etc., in the numerator of the decomposition.

2. Multiply both sides of the resulting equation by the least common

denominator.
3. Simplify the nght-hand side of the equation.

4. Write both sides in descending powers, equate coefficients of like powers

of x, and equate constant terms.
S. Solve the resulting linear system for A, B, C, etc.

6. Substitute the values for A, B, C, elc., into the equation in step 1 and write

the partial fraction decomposition.

Study Tip

You will encounter some exam-
ples in which the denominator
of the given rational expression
is not already factored. If
necessary, begin by factoring

the denominator. Then apply the
six steps needed to obtain the
partial fraction decomposition.

Find the partial fraction decomposition of

6x+14 A 3

= +

x+5) < —> X+ S

(V—E)(X"S) éxi— I A N >
x—)x+3) | x—> Xy S

Ex+ 1t = A(xr3) +Bx-3)

xy 1T = AX+S A v —201
Ex+ 4t = Ax+Dhx +s5A/A 30

§x+g~_ @ig)y + SA-3D

A= G X2 2pa3p= 13

50 2= |4 e SATPLENF

36 =32
A= 4
=2
Ex+ (4 o 5
& 3)x+5)  X—» T s
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The Partial Fraction
Decomposition of a
Rational Expression
with Linear Factors
in the Denominator,
Some of Which are
Repeated

P(x

The Partial Fraction Decomposition of > (x : O(x) Has Repeated
Linear Factors Q(x)
The form of the partial fraction decomposition for a rational expression
containing the lincar factor ax + b occuring n times as its denominator is
P(x) A, A, . A A,
_ — = — 4 - — + - +
{ax + b)" ax +b (ax + b) (ax + b)Y (ax + b)"

Inelade one fractisn with o constant sumerator for each power of ax + b,

) . a8 [

C (D)
= + N3 T SNt
(X+ Dt x+>  &+3)7 &r3d7 v 2D
How do | set-up PFD for repeated linear factors?

The repeated linear factors produce partial fractions up to the power of the repetition.

What if | have some repeated, some not repeated?

Deal with the non-repeated as before, and deal with the repeated as we just said...

X _ & B> C .+ B
(X—D(x#f)} 1 T T +C><*“°f)3
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Study Tip

Avoid thus common error:

INCORRECT! | — 54’Z/
I8 A B —C€
e SES 1= 2+ Ao

Xe—3T

Listisg x ~ 3 twica does not
tuke iste aceount [x — 3)%.

X 2= %
w(x*-1)
O VD= 1)

Find the partial fraction decomposition

x+8 A
2 -+ e + ~ 2
x(x+2) 1% X+ 2 &k +2)

X (X ¥T=—=/ X4 5 _ ~A > C
| (x0T K Yt xip T (x+1)‘>
x +8 = &)+ Ax(x+2) + C x

N+ R = Ax3I+AAax+4A + BxTFaBx +CX
X+D = OXTTXT + YAx+2.x +Cx +HA

ox“‘+Lx+§: @-»E;)x?‘-k (%Rv*sz-rc)s( + Lf_,ﬁ)

. =2
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YA 25 vC=| G2+ 22D +C =1
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4A =< c=->

X+<
— — . ] = -2 -3
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The Partial Fraction Decomposition of
a Rational Expression with Prime,
Nonrepeated Quadratic Factors in the
Denominator
The Partial Fraction Decomposition of it} : O(x) Has a Nonrepeated,
Prime Quadratic Factor O(x) .
Ifax® + bx + cisa prime quadratic factor of Q(x), the partial fraction Please continue

decomposition will contain a term of the form you notes on the

Linear mumerator Same paper...
Ax + B

ax + bx + ¢ i futer

3+ 17x + 14 A , Bx + C
(x = 2)(x* + 2x + 4) x—=2 X+ 2x + 4
We write s constant We write a linesr vamerstor
over the linear facter over the prime quadratic
in the denomisator, factor in the denominator.

How do | set up my partial fraction if the denominator has a prime quadratic factor?

Prime quadratic factors produce partial fractions with linear numerators...
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Graphing

You can use the TABLE feature of a graphing T Vs
utility to check a parual fraction decomposition. =
To check the result of Example 3, enter the given =3 :535?1 :Eas'?i
rational function and its partial fraction -1 0 0
decomposition: 2 '%;E? .ﬁ:g?
£ ERROR | ERROR
s + 17x + 14 3 | 4.BY4Z1 | 4.B421
v . ==
o (x = 2)(xt + 2x + 4) e
5 Ix + 3 ,
_-.-_. -+ = ! _ No matter how far up or
Yo xtaxtd down we scroll, y; = W, s0

the decompaosition appears

10 be correct.

Find the partial fraction decomposition of

3 4x12 _ i . gx + C) ‘X~1Y,i2,3)‘+5)

(x—2)(x2—3x+5) X -2 %2 -3x+ S

-+ 2 = R(y2/3x+5> +GB><+C)(X 42>

3P Hx12 T Ox2 -3Ax+SA+BXT-20x+(x=2C

AT 412 = Axe BT S3av-2R ¢ +Cx ¥ SA-2C
3T -dxr2 = (G+rIx? + (-3 -2m+cDx + SA-2C

A+ =3 2o 2042B8=¢
X p _3A-2BvC=-Y
v

-3A—2B+c=-%

- + =
cA-ace 2 A o=
_“RA+2ec =Y < ==
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The Partial Fraction Decomposition of
a Rational Expression with a Prime,
Repeated Quadratic Factor in the
Denominator

P(x)
The Partial Fraction Decomposition of ———: @(x) Has a Prime,
Repeated Quadratic Factor Ofx)
The form of the partial fraction decomposition for a rational expression
containing the prime factor ax*® + bx + ¢ occuring n times as ils denominator is
Plx) Ax + By

Axx + B, Awx + By
(ax* + bx +¢)" ar +bx+c

" Ax + B,
{ax® + bx + ) (ax® + bx + ¢)* {ax’ + bx + ¢)" '

laclads oaa fractia with o linaar samanated for aoch powinr af ax” + b

10
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Study Tip

When the denominator of a
rational expression contains a
power of a linear factor, sct up
the parual fraction decomposi-
tion with constant numerators
(A. B, C. etc.). When the
denominator of a rational
expression contains a power of a
prime quadratic factor, set up the
partial fraction decomposition
with linear numerators

(Ax + B,Cx + D, ewc.).

Example

Z 2x" —x—1

March 13, 2013

Study Tip

When a rational expression
contains a power of a factor in
the denominator, be sure to set
up the partial fraction decompo-
sition to allow for every natural-
number power of that factor less
than or equal to the power.
Example:

2y + 1

(x = 5)°x°
A B C.DE
X 5 (x=15) X 1 x

Although (x — 5] and x¥ are
quadratic, they are stll axpressed
as powere of linear facters, x — 5

and x. Thus, the sumerater is constanl.

Find the partial fraction decomposition of

Ax+1>
— +
X2

aerd -2
(x*-2) \

2.x°-x 1= (:q x+.’5>c<2‘2> T Cx+0O

2xPHOXT-x~1= AxT 4 ox? SQAx+Cx —20 + D

A=2 c=3
=0 =
- 2A+C= -

23>~
(x*-2)7

11
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Find the partial fraction decomposition of

2

(x+3) (x+3)°

.

J

2

+ 2
(x+3) (x+3)°

5

4

—_—t
(x+3) (x+3)°

2
(x+3)

+

5
(x+3)

4..IIIIIIIIIIIIIIIIIIIIIIIIIIIII»
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Find the partial fraction decomposition of

2x+11
(x+3Y

5,2

(@) (x+3) (x+3)

3 2

(b) +3) (x+3)

5 4

© (13 (xr3y

2 5

) &3 Gy

Find the partial fraction decomposition of

12
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